Relative equilibria, i.e., steady motions associated to specified group motions, are an important class of steady motions of Hamiltonian and Lagrangian systems with symmetry. Relative equilibria can be identified by means of a variational principle on the tangent space of the configuration manifold. We show that relative equilibria can also be found by means of a variational principle on the configuration manifold itself. Formal stability of a relative equilibrium corresponds to definiteness of the second variation of the energymomentum functional, which is a specified combination of the total energy and the group momentum, on an appropriate subspace. We decompose this subspace into three subspaces by means of the Legendre transformation and the group action and show that the second variation block diagonalizes with respect to these subspaces. The techniques employed here are a generalization of the reduced energy-momentum method of Simo et aL (1991), which applies only to simple mechanical systems, to a more general class of conservative systems, including systems on which the symmetry group does not act freely. We briefly discuss a generalization of a result due to Patrick (1990) that provides conditions under which formal stability implies nonlinear orbital stability. Several simple examples, including natural mechanical systems, are used to illustrate the block diagonalization procedure.
construction of a conserved quantity, combining the total energy of the system and the conserved quantities associated to the symmetries of the system, for which the steady motion in question is a local extremum. Key distinctions among possible energy methods include the choice of space or manifold on which the analysis is to be carried out. Constraints associated to conservation laws may be imposed globally or locally (via Lagrange multipliers, for example); quotients with respect to the symmetries may be implemented at several possible stages of the analysis. The approach described here is a generalization of the reduced energy-momentum method (REM), an efficient and versatile technique which was developed by Simo et aL (1991) for conservative systems with total energy of the form "kinetic plus potential" and a freely acting symmetry group. We shall show that the restrictions on both the energy and the group action can be substantially relaxed while preserving the essential features of the method. The ability to analyze the stability of symmetric configurations is particularly important. Many classical and modern applications, e.g., Lagrange tops and isotropic hyperelasticity, involve both spatial and body symmetries; hence symmetric states, such as sleeping tops and steadily rotating spheroidal configurations, can, and often do, arise. The relaxation of the assumption of total energy of the form "kinetic plus potential" is also of practical benefit: "natural" mechanical systems, for which the Lagrangian may possess a linear, as well as a quadratic, term in the velocity arise in such contexts as a particle moving under the influence of an electromagnetic field or a body moving under the influence of gyroscopic effects. [The general treatment of a natural system is given as an example below; these results are then applied to the specific physical system of a particle in an electro-magnetic field. The results given in Section 5.1 have been applied to gyroscopic effects by Krishnaprasad and Wang (1991) .]
The general stability question at hand can be briefly described as follows: Consider a Lagrangian system with symmetry group G. Given some configuration qe ~ Q and some element ~ of the Lie algebra fr of G, we wish to determine conditions on qe and r under which the configuration qe will undergo a steady group motion with group velocity ~, i.e., that the evolution of qe according to the dynamics of the Lagrangian system will be given by q, = exp(t~)"qe (1.1) with velocity ilt = ~Q(qt) := ~ exp(t~) "qe (1.2)
